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ABSTRACT 
Geodetic surveying practices require the establishment of new control stations that are tied to higher 
order stations with known coordinates (reference control stations – fiducial stations), an activity known 
as densification. The coordinates of the newly established control stations are adjusted together with the 
coordinates of the reference control stations which are required to remain invariant along with their 
variance-covariance matrices (i.e. they are reproduced). In this study, we compare the performance of 
four different approaches that can be used to achieve this end for their optimality and sensitivity against 
potential systematic effects in the reference control station coordinates using a GPS network 
densification example. 
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INTRODUCTION 

Geodetic control has been of fundamental importance to various activities such as 
geodetic, geophysical, surveying and civil engineering. With a view to developing a 
proper geodetic control, several studies concentrated on numerical methods such as 
minimal constraints [7] [8] [12], free net (inner constraints) [4] [7] [14] [15] and 
unbiased free net adjustment [7] [8] [21] within the framework of geodetic datums 
(zero order design). A comprehensive review of the past theoretical developments in 
this area can be found in [22] and [6]. 

The above concepts have been extended and brought into the geodetic network 
densification problem where the application of stochastic and non-stochastic 
constraints in the calculation of the control station coordinates has been discussed by 
various investigators [1] [5] [13] [16] [17]. In the establishment of new control stations 
which are tied to higher order stations with known coordinates (reference control 
stations – fiducial stations), the coordinates of the new stations are adjusted together 
with the coordinates of the reference control stations which are preferably kept 
invariant along with their variance-covariance matrices. If the solution results for the 
reference control station coordinates remain unchanged, the solution is called 
reproducing, otherwise, it is non-reproducing. Of course, a non-reproducing solution is 
applicable if the re-adjusted reference control station coordinates and their 
variance-covariance matrix are ignored. 

From the numerous solution formulations, we have examined four different 
adjustment methods, namely:  

1. Densification with Stochastic Constraints (SC) is a well known least-squares 
adjustment procedure where the reference control station coordinates are adjusted 
along with their previously obtained covariance matrix as (weak) constraints together 
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with the relevant geodetic measurements. The solution gives the Best Linear 
Uniformly Unbiased Estimate, BLUUE, for the unknown parameters within this model 
while the reference control station coordinates are adjusted simultaneously and, hence, 
are subject to change. This solution is therefore a non-reproducing one, also called a 
dynamic solution. The adjusted reference station coordinates, however, are not kept 
static over time. A variant of this approach is discussed in the context of collocation in 
[5]  

2. Densification with Seemingly Non-Stochastic Constraints (SNSC) is an adapted 
version of the well-known solution with fixed constraints (which is, of course, not 
considered in this study). The non-stochastic constraints are utilized to accommodate 
the weight matrix of the reference control station coordinates, which is available a 
priori in the adjustment, for the computation of the covariance matrix of the adjusted 
station coordinates [13]. The solution is a Linear Uniformly Unbiased Estimator with 
reproducing property, repro-LUUE, i.e. it reproduces the reference control station 
coordinates and produces linear uniformly unbiased estimates of the densification 
control station coordinates. The estimates are nonetheless not the best in the class of 
reproducing unbiased estimates [19].  

3. Another densification solution, which is tailored to reproduce the reference 
control station coordinates along with their covariance matrix directly, has recently 
been developed by one of the authors, and is known as the Best Linear Uniformly 
Unbiased Estimation with Reproducing Property, repro-BLUUE [19]. In addition to its 
reproducing property, this estimator gives the BLUUE for the new control station 
coordinates [18] [19]. 

4. Finally, we discuss the densification with a free adjustment which is followed by 
a similarity (Helmert) transformation. This method is a frequently used in GPS type 
network densification [19]. The solution reproduces reference station coordinates and 
generates control station coordinate estimates that are BLUUE.  We will abbreviate 
this solution as Helmert-LUUE. 

 This paper aims to quantify the performance of these approaches in a GPS 
network densification example. We will first summarize the essential operational 
relationships for the different solution methods and subsequently apply them to a GPS 
densification problem for numerical comparison under different scenarios that may 
occur in practice. 

 
FORMULATIONS OF THE ALTERNATIVE SOLUTION METHODS 

 
Stochastic Model 

We begin with a definition of the stochastic model that, after linearization, reads as  
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where y is the 1×n  vector of observational increments to the nominal values of 
the observations, calculated using the observations and the approximate coordinate 
values for the unknown control station coordinates and the known coordinates of the 
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reference stations. 1ξ  is the 1×l  vector of reference station coordinate increments to 
the nominal (approximate) values of unknown coordinates. 2ξ  is the 1)( ×− lm  
vector of densification station coordinate increments with respect to their approximate 
values, all to be estimated. ]A,A[:A 21=  is the mn×  coefficient (design) matrix, e 
is the 1×n  vector of random observation errors, 1̂ξ  is the 1×l  vector of reference 
control station coordinates (known), 0

1e is the corresponding 1×l  vector of random 
errors of the a priori reference control station coordinates, 2

0σ  is the unknown 

variance of unit weight, P is the nn×  weight matrix of the observations, 0
1Q  is the 

ll ×  cofactor matrix of the reference control station coordinates. 
Here, we assume that the known coordinate information of the control stations is 

unbiased, and the variance of unit weight is the same for both the a priori and the 
observational information. 

 
The Densification Solution with Stochastic Constraints (SC) 

In the above model (1) to (3), the Best Linear Uniformly Unbiased 
(non-reproducing) Estimate (BLUUE) of ξ  is given by 
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The residual vector and the estimated variance of unit weight are provided through: 
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Corrected Densification Solution with Seemingly Non-Stochastic Constraints (SNSC) 

Also known as the fiducial network strategy deployed by JPL, it is an adjustment in 
which the formula for non-stochastic constraints is applied, but after the 
variance-covariance matrix of the reference stations is introduced into the formulation 
for error propagation, and thus for calculating the variance-covariance matrix of the 
adjusted densification control station coordinates.  

The estimate of ξ  is given by 
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The following variance-covariance matrix of ξ  reflects fully the impact of the a 
priori variance-covariance matrix used in conjunction with the formulas for the 
non-stochastic constraints: 
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The residual vector and the estimated variance of unit weight are provided through 
the following expressions: 
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Best Linear Uniformly Unbiased Estimator with Reproducing Property repro-BLUUE 

The best linear uniformly unbiased estimate of ξ  that reproduces 1̂ξ  is given by 
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This solution method is based on the idea of recovering the original values of the 
adjusted reference station coordinates [19]. The variance-covariance matrix of ξ  for 
the control station coordinates and the unknown densification control station 
coordinates are given by 
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The residual vector and the estimated variance of unit weight are provided through: 
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Inner Constraints (Free) Adjustment Followed by a Similarity Transformation 
(Helmert-LUUE) 

In this approach, the solution estimate is obtained using inner constraints which are 
expressed through a nqm ×− )(  matrix E with the following properties [11]: 
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and where KKKKKK TTT =−1)(  represents a selection matrix. 
The optimal estimate, which is independent of 0

0P , is given by 
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with the following residual vector of the reference control station coordinates 
                    .0ˆˆ
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Since 0
1e  does not vanish, in general, the estimate ξ  will not guarantee to 

reproduce the reference control station coordinates. The estimate of ξ , which 
guarantees to reproduce the original reference control station information along with 
their variance-covariance matrix is given by 
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together with the following variance-covariance matrix of ξ̂  for the reference 
control station coordinates and the unknown densification station coordinates 
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The residual vector and the estimated variance of unit weight are obtained from: 
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DENSIFICATION PROJECT DESCRIPTION 
 
A control network for an engineering site is shown in Figure 1. The network 

includes three reference stations with known reference station coordinates in the 
WGS84 coordinate system; here HKKT (Hong Kong Kam Tin), HKFN (Fanling) and 
HKLT (Lam Tei) serve as reference control stations. GPS was the survey method 
during the 2/9/2004 and 10/9/2004 one-day campaigns. Full two days of GPS raw 
observation data were processed using the Topcon Pinnacle software to calculate the 
22 baseline vectors shown in Figure 1, and their covariance matrices. 

In the above network, the minimum and maximum baseline lengths and their 
standard deviations are 343.428±0.001 m and 9827.415±0.011 m respectively. We 
assumed that the standard deviations of the reference station coordinates are ±0.01m 
for each XYZ component.  

Fig. 2 displays the precision of the GPS baseline vector measurements. The 
clustering observed in  

Fig. 2 is a result of the presence of very short and very long baseline lengths. 
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Fig. 1. Densification Control Network for an Engineering Project in Hong Kong. 
 

NUMERICAL SOLUTIONS UNDER DIFFERENT SCENARIOS 
 
Solutions with the Existing Data 

We first obtained alternative solutions for estimating the coordinates of the 
densification control stations using the GPS baseline vector measurements.  

Fig. 3 shows the a posteriori variance of unit weight, 2
0σ̂ , which we will use to 

assess the goodness-of-fit of the different solutions and to judge the appropriateness of 
the adopted scaling for our weight matrix.  

 

 
 

Fig. 2. Magnitudes of the precisions of the GPS baseline vector measurement ordered in increasing baseline lengths.  
The two clusterings are due to the very short and very long baseline lengths. 

 

The 2
0σ̂  of the SC solution, being nearly equal to one, indicates that the standard 

deviations of both the reference control stations and the calculated GPS baseline vector 
components, which are ±1 cm and ±(1 mm to few cm) respectively (see Figure 2), are 
consistent with their expected values. Compared with this SC solution, the 2

0σ̂  of the 
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repro-BLUUE and the Helmert-LUUE are comparatively smaller and the 2
0σ̂  of the 

SNSC (larger). 
 

 
 

Fig. 3. The a posteriori variances of unit weight for alternative solutions. 
 

The four estimators considered here yield unbiased results if the stochastic model 
(Eqs. 1 - 3) is correctly set up. Consequently, the mean squared error matrices coincide 
with the variance-covariance matrices which are now compared. Since all the solutions 
share the same geometry and observations, the variance-covariance matrices of the 
solutions are affected only by the formulations. Therefore, for a constant variance of 
unit weight, the trace of the variance-covariance matrix of the estimates (for the 
unknown station coordinates portion) provides information that results only from each 
solution’s characteristics (Fig. 4). In this figure note that the traces of the 
variance-covariance matrices of the SC and repro-BLUUE solutions are exactly the 
same because the repro-BLUUE solution is actually derived from the SC solution with 
the addition of residuals for the recovery of the original precision of the reference 
stations.  

 
 

Fig. 4. Trace of the variance-covariance matrices of the estimated coordinates of the densification control stations 
with the (a priori) variance of unit weight set to one, and with the estimated (a posteriori) variance of unit weight. 

 
More or less, the traces of the variance-covariance matrices of all four solutions are 

within an order of 2. If we consider the variance-covariance matrices of the solutions 
in the light of the estimated (a posteriori) variance of unit weight shown in  

Fig. 3, we still observe a similar performance, with the repro-BLUUE solution 
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showing the smallest trace (as it should). 
We have also calculated, as shown in  
Fig. 5, the trace of variance-covariance matrices for the adjusted observations, 

based on both the estimated (a posteriori) variance of unit weight and the (a priori) 
variance of unit weight set to one.  

The larger trace value for the variance-covariance matrix of the observations of the 
SNSC solution is caused by the standardization of the non-stochastic constraints on the 
reference control station coordinates with a priori stochastic values, i.e. the solution is 
forced to follow the stochastic constraints exactly.  

The trace value for the variance-covariance matrix of the observations of the SC 
solution is the smallest because its variance-covariance matrix of the estimates 
includes the precision of the reference station coordinates which are also adjusted in 
the solution. In contrast, both the repro-BLUUE and the Helmert-LUUE solution 
restore the uncertainty in the reference station coordinates in the process of recovering 
the reference station coordinates. This effect can also be seen in Eqs. (13) and (25). 

 

 
 

Fig. 5. Trace of the variance-covariance matrices of the adjusted baseline vector components with the a priori 
variance of unit weight set to one and with the estimated (a posteriori) variance of unit weight. 

 
    

 
 
Fig. 6. Influence of a southward systematic error in the HKKT station position on the estimated (a posteriori) 

variance of unit weight. The std. deviations of the reference stations cords. are homogeneous and equal to 1cm±  
 
These results reveal only the performance of the four alternative solutions when the 
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stochastic model (i.e., Eqs. 1 - 3) is correct. In the following section, we examine their 
performance when this is not the case.  We will assume that one of the reference 
station coordinates is affected by unknown systematic errors (i.e. biases).  
 
Impact of unknown biases in the position of the HKKT reference control on the                          
densification quality  

We estimated the coordinates of the unknown control stations with the four 
different solution methods using a HKKT station position that is progressively falsified 
from 1 cm to 5 cm in the southerly direction. Under this scenario, the changes in the 
estimated (a posteriori) variance of unit weight, 2

0σ̂ , of each solution reveals the degree 
of sensitivity of the different approaches to erroneous reference control station 
information (i.e. coordinates along with variance-covariance matrices). 

 
Fig. 6 shows an increasing trend in the estimated variances for all the solutions for 

increasing biases of the HKKT reference station position. The rate of change in the 
estimated variances of the SC solutions is, however, much smaller than for the others. 
This is due to the fact that this solution absorbs part of the bias in the position of the 
HKKT solution by adjusting it.  

 

 
 

Fig. 7. Influence of a southward position error in the HKKT Station position on the trace of the variance-covariance 
matrices of the estimated coordinates of the densification stations (based on their respective estimated variances of 

unit weights.) 
 
Impact of unknown biases in the position of the HKKT reference control on the                 

precision and accuracy of the solutions  
Fig. 7 shows the sensitivity of the trace of the variance-covariance matrix of the 

estimated densification control station coordinates for each solution method to a 
progressively increasing southward position error in the HKKT station. It displays the 
trace of the variance-covariance matrices of the estimated densification station 
coordinates, based on their respective estimated variances of unit weight. Note that 
there are two factors affecting the behavior of the traces: the influence of the estimated 
(a posteriori) variance of unit weight which was discussed above, and the structural 
sensitivity of the formulation. The rates of change in this figure for all the solutions are 
in agreement with the effect of the changes that were observed in the changes of the 
estimated (a posteriori) variance of unit weight (Fig.6). 
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   This discussion, however, is incomplete because the trace of the estimated 
coordinates is about the precision and not about the accuracy of the solutions if the 
estimates are biased. For a better insight, we calculated the changes in the adjusted 
densification control station positions with the adjusted results of each approach where 
no systematic position error was introduced. Overall, the adjusted results without any 
systematic error differ slightly for the various solution methods. In  

Fig. 8 we report the averaged position changes (over all the densification stations) 
for each solution with increasing magnitude of a southward position error. We observe 
that the SNSC solution transfers the systematic error directly to the adjusted 
densification station coordinates which is not a desirable property. After all, the 
process of adjustment is to distribute random observation errors to obtain optimal 
solutions for the problems at hand. The coordinates of the densification station 
coordinates obtained with the other methods are less affected by the systematic error in 
the HKKT coordinates.  

 

 
 

Fig. 8. Influence of a southward position error in the HKKT Station on the adjusted coordinates of the densification 
control stations. The standard deviations of the reference station coordinates are homogeneous and equal to ±1 cm. 

 
 

 
 

Fig. 9. Propagation of the reference station coordinates’ precision (standard deviations) to the estimated (a posteriori) 
variance of unit weight of the solutions (to the goodness-of-fit). The position of the reference stations are the same 

in each case. 
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Propagation of the precision of the reference control station coordinate to the 
densification station coordinates 

In this section we examine the response of the different densification methods to 
the precision of the reference control station coordinates. We calculated five additional 
solutions using standard deviations for the reference stations from ±1 cm to ±6 cm, in 
1 cm increments.  

Fig. 9. depicts the changes in the estimated (a posteriori) variances of unit weight 
for the different solution methods when the precision of the reference station 
coordinates is decreasing. In the SNSC solution, the exact constraints are relaxed to the 
extent allowed by the standard deviations of the reference station coordinates through 
standardization. The response of all the remaining methods is similarly stable for 
decreasing precision of the reference station coordinates and not markedly different 
from solution to solution. 

We have also examined the changes in the trace of the variance-covariance matrices 
of the estimated coordinates of the densification control stations as a function of the 
standard deviations of the reference control stations (Fig.10) 

Again, the response of the alternative solution methods is plausible as the SNSC 
solution takes full account of the precision of the reference station through 
standardization which explains the reason for the sharp increase with decreasing 
precision. All the other solution methods try to generate quasi-optimal solutions in 
adjusting the observations, thereby lowering their traces when compared with the 
SNSC results. 

 
 

Fig. 10. Influence of the reference station coordinates’ precision (standard deviations) on the precision of the 
densification control stations. The variance-covariance matrices are based on the (a priori) variance of unit weight 

being set to 1. 
 
When there are no reliable information about the quality of the observations one 

uses the estimated (a posteriori) variance of unit weight in calculating the 
variance-covariance matrix of the adjusted densification control station coordinates 
instead of a chosen value. Under this scenario, the uncertainties of the adjusted station 
coordinates in the SC solution propagate by decreasing the precision of the reference 
station coordinates. This is a desirable property in densification, especially when we do 
not have reliable knowledge about the precision of the reference stations coordinates a 
priori. All the variance-covariance matrices of the remaining methods remain 



H S FOK, H BAKI IZ AND B SCHAFFRIN 

  55

insensitive to this effect. 
 

CONCLUSION 
 

We have shown that the densification adjustment methods should be selected, 
depending on the quality of the reference station coordinates (whether or not they are 
influenced by systematic effects or noise), the quality of the baseline vector 
observations, and, more importantly, on how good the prior information about these 
parameters is. Our rather straight-forward comparison highlights the disadvantages of 
exact constraints, as the SNSC solution method fails to a certain extent in network 
densification, while all other methods shows similar performance. Since it is desired to 
keep the coordinates of the reference control stations along with their 
variance-covariance matrices unchanged after the adjustment, both repro-BLUUE and 
Helmert-LUUE could be utilized, particular in the maintenance of the original 
information of the control stations. This result may not be entirely new for seasoned 
practitioners, but it appears to be a forgotten wisdom in current practice, especially for 
those who are not intimately familiar with traditional geodetic applications. 
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